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Abstract. Wc calculate the volume entropy of local Hermitian symmetric spaces 
of noncompact type in terms of its invariant r, a. h. 



1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT 

Let (M, g) be a compact Riemennian manifold with Riemannian universal covering 
{M,g). The volume entropy of M also called the exponential rate of the volume growth, 
is the asymptotic invariant defined by 

Ent(M, g) = lim i log Vol {Bp {t)) , (1) 

t— >oo t 

here Vol (Bp (t)) is the volume of the geodesic ball Bp{t) C M of center p and radius t. 
Due to the compactness this limit exists, moreover it does not depend on the point p £ M 
(see |13)). Integrating by parts ([l}, the entropy can be equivalently defined as the infimum 
of the positive constants c such that the integral 

/^g-od(p,.)^- 
J M 

converges, where d(p, •) is the geodesic distance from p and dv is the volume form of M 
induced by p, namely 

Ent(M, .g) = I inf j / e-""^^"'-^ dv < oo\ . (2) 
['=6* Jm J 

Notice that the volume entropy Ent(M, only depends on the Riemannian universal 

covering , therefore it make sense to define the volume entropy of {AI,g) as that of {M, g), 

i.e. 

Ent(M,g) := Ent(M,g). 

The study of the volume entropy starts with A. Manning in [13] who shows that it is 
always bounded above by the topological entropy of the geodesic flow on (M, g). Moreover, 
if g has nonpositive sectional curvature then the volume entropy and the topological 
entropy coincide. The volume entropy Ent(Af, g) carries many geometric informations 
about {M,g). For instance G. Besson, G. Courtois and S. Gallot in their celebrated paper 
[3] show that compact locally symmetric spaces of negative curvature are characterized 
by the minimality of the volume entropy among all homotopy equivalent Riemannian 
manifolds with the same volume. Further, they provide another proof of Mostow's rigidity 
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theorem in the case of rank 1 symmetric spaces (the reader is referred to [3], [4] and [5] 
for details). 

The aim of this paper is to compute the entropy of compact quotients of irreducible 
Hermitian symmetric spaces of noncompact type (from now on HSSNCT) in terms of their 
invariants r, a and b (see next section). 

Theorem 1. Let {Q,ghyp) be an irreducible HSSNCT endowed with the hyperbolic metric 
ffhyp holomorphic sectional curvature between and —4. Then its volume entropy is 
given by 



where r,a and b are the invariant associated to $1. 

As the entropy Ent (fi, phyp) of an irreducible HSSNCT is determined by r, a and b, it 
is natural to ask if it determines the domain Q, in general that is not true, indeed the 
domains 57/(12, 2] and r2/\/[18] (whose corresponding constant are respectively (r = 2, a = 
2, 6 = 10) and (r = 2, a = 16, b — 0)) have the same volume entropy. Nevertheless we 
believe that once fixed the dimension d the volume entropy Ent (SI, ghyp) determines the 
irreducible HSSNCT Q. 

Let now = Qi x ■ ■ ■ x He = Yit^i ^ product of irreducible bounded symmetric 

domains. The above theorem extends to the following 

Theorem 2. The volume entropy of Q = 111=1 ^fe '■^ git'^'n, by 



where is the hyperbolic metric associated to $1*,. 

The proofs of Theorem [1] and [2] use the properties of the symplectic duality map intro- 
duced by A. Loi and A. Di Scala in [6] (see also [11] and [12]) and use the theory of Jordan 
triple system associated to an HSSNCT (see section below). We finally point out that in 
the Appendix of [ij one can find the computation of the first eigenvalue (and hence the 
value of the volume entropy) of HSSNCT in terms of its root systems. In principle this 
could provide an alternative proof of Theorem [2] once one is able to pass from the root 
systems description to the one in terms of the invariants r, a, b; this seems not to be an 
easy task. 

The paper consists of three other sections. In the next one we recall the basic material 
about Hermitian positive Jordan triple systems, Hermitian symmetric spaces of noncom- 
pact type and the description of the geodesic distance in polar coordinates of these spaces. 
Section |3] and |4] are dedicated to the proof of Theorem [T] and [2] respectively. 
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2. Hermitian symmetric spaces of noncompact type and Hermitian positive 

Jordan triple systems 

We refer the reader to [16] (see also [15]) for more details on Hermitian symmetric 
spaces of noncompact type and Hermitian positive Jordan triple systems (from now on 
HPJTS). 

2.1. Definitions and notations. An Hermitian Jordan triple system is a pair {A4, {,,}), 
where M is a, complex vector space and { , , } is a map 

{,,} : M X M X M M 

{u, V, w) I— >■ {u, V, w} 

which is C-bilinear and symmetric in u and w, C-antilinear in v and such that the following 
Jordan identity holds: 

{x,y, {u,v,w}} - {u,v, {x,y,w}} = {{x,y,u},v,w} - {u, {v,x,y},w}. 

For x,y, z £ A4 consider the following operators 

T{x,y)z = {x,y,z} 

Q(x,z)y = {x,y,z} 

Q{x,x) = 2Q{x) 

B {x, y) = iAm -T [x, y) + Q [x) Q (y) . 

The operators B (x, y) and T {x, y) are C-linear, the operator Q (x) is C-antilinear. B {x, y) 
is called the Bergman operator. For z £ the odd powers z^'^^'^'^'^ of z in the Jordan 
triple system M are defined by 

An Hermitian Jordan triple system is called positive if the Hermitian form 

{u\v) ^ trT{u,v) 

is positive definite. An element c G TVf is called tripotent if {c, c, c} = 2c. Two tripotents 
ci and C2 are called (strongly) orthogonal if r(ci,C2) = 0. 

2.2. HSSNT associated to HPJTS. An Hermitian symmetric space of noncompact 
type n is uniquely determined by a triple of integers {r,a,b), where r represents the 
rank of Q and a and b are positive integers. The dimension d oi ^ satisfies 2d = 
r {2b + 2 + a{r — 1)) and the genus 7 of £7 is given by 7 = (r — 1) o -|- 6 -I- 2. Observe 
that (r2,(;hyp) — CH" if and only if its rank is equal to 1. The table below summarizes 
the numerical invariants and the dimension of irreducible HSSNCT according to its type 
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(for a more detailed description of this invariants, which is not necessary in our approach, 
see e.g. [I], [IB]). 



Type 


fi/fn, m] 
{n < m} 


{5 < n} 


Qui [n] 
{2 < n} 


iliv[n] 
{5 < n} 




flvi 


d 


nm 


{71 — 1)71 


(ri+l)n 
2 


n 


16 


27 


r 


n 


[f] 


n 


2 


2 


3 


a 


2, if 2 < n 
0, if 1 = n 


4 


1 


n - 2 


6 


8 


b 


m — n 


0, if n even 
2, if n odd 
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7 


m + n 


2n - 2 


71+1 


n 


12 


18 



M. Koecher ([9], [TO]) discovered tliat to every HPJTS {A4,{,,}) one can associate 
an Hermitian symmetric space of noncompact type, i.e. a bounded symmetric domain 
il centered at the origin G The domain Q is defined as the connected component 
containing the origin of the set of all u £ A4 such that B {u, u) is positive definite with 
respect to the Hermitian form {u \ v) = trT (it, v). We will always consider such a domam 
in its (unique up to linear isomorphism) circled realization. Suppose that M is simple (i.e. 
Q, is irreducible). The flat form uio is defined by 

cjo = — ^991ogtrr(a;, x). 
27 

If {zi,...,Zd) (d = dim(7Vf)) are orthonormal coordinates for the Hermitian product 
{u\ v), then 

d 

uJo = - ^ dzm A dJm- 

m — 1 

The reproducing kernel Ka of Q,, with respect is given by 

[Kn (2, z))-^ = CdetB(2, 2) , 
where C = When SI is irreducible 

t^hyp = --^aaiogdetB = — , 
27 7 

is the hyperbolic form on fi, with associated hyperbolic metric ghyp of holomorphic sectional 
curvature between and —4 and ujb = — ^i991ogdet _B is the Bergman form associated to 
the Bergman metric on SI. The HSSNCT associated to M is (n,(;hyp). 

Example 1. The hyperbolic space. Suppose M = C and {x, y,z} = xyz. The associated 
operators are 

T{x, y) = XV 
Q{x)y = x^y 
B{x, y) = {l- xyf. 

Therefore the domain 

{zee : B{z, 2) > 0} 
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is the unit disc of C and the hyperbolic form is 

^hyp = -^a9iog(i-!^!^). (4) 

Namely (57, giiyp) is the hyperbolic space CH^ with the hyperbolic metric of curvature —4. 

The HPJTS {M,{,, }) can be recovered by its associated HSSNT fl by defining M = 
Tofl (the tangent space to the origin of f2) and 

{u,v,w} — — i {Ro {u, v)w + Jo _Ro {u, Jo v) w) , 

where Ro (resp. Jo) is the curvature tensor of the Bergman metric (resp. the complex 
structure) of evaluated at the origin. The reader is referred to Proposition III. 2. 7 in [2] 
for the proof of (|2.2[) . For more informations on the correspondence between HPJTS and 
HSSNT we refer also to p. 85 in Satake's book \T7] . 

2.3. Totally geodesic submanifolds of HSSNT. We have the following result: 

Proposition 1. Let Q. be a HSSNT and let M be its assoeiated HPJTS. Then there exists 
a one to one eorrespondence between (complete) complex totally geodesic suhmamfolds 
through the origin and sub-HP JTS of M. This correspondence sends T C SI to T C A4, 
where T denotes the HPJTS associated to T. 

2.4. Spectral decomposition and Functional calculus. Let Ml he a, HPJTS. Each 
element z £ M has a unique spectral decomposition 

Z = \lCl-\ h XsCs {0 < \i < ■ ■ ■ < Xs) , 

where (ci,..., Cs) is a sequence of pairwise orthogonal tripotents and the Xj are real 
number called eigenvalues of z. The integer s = rk(z) is called rank of z. For every z A4 
let max{2:} denote the largest eigenvalue of z, then max{-} is a norm on A4 called the 
spectral norm. It is worth to point out that the HSSNT ^1 C A4 associated to M is the 
open unit ball in A4 centered at the origin (with respect the spectral norm), i.e., 

s 

Q = {z = y Xj Cj \ max{2:} = max{Aj} < 1}. 

The rank of M is rk(A^) = max{rk(2) j 2 G M}, moreover rk(A^) = rk(Sl) = r. The 
elements z such that rkz — r axe called regular. If 2 G 7V( is regular, with spectral 
decomposition 

Z = Xl ei + ■ ■ ■ + Xr er (Al > • • • > Ar > 0), 

then (ei,...,er) is a (Jordan) frame of A4, that is, a maximal sequence of pairwise 
orthogonal minimal tripotents. 

Using the spectral decomposition, it is possible to associate to an odd function / : E — s> 
C a map F : M ^ M as follows. Let z e M and let 

z = Ai ci H h As Cs, < Ai < • ■ • < As 

be the spectral decomposition of z. Define the map F by 

F(z) = /(Ai)ci + --- + /(As)cs. 
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If / is continuous, then F is continuous. If 

iV 
fe=0 

is a polynomial, then F is the map defined by 

AT 

F(2) = ^afe2(''=+^' {zeM). 

fe=0 

If / is analytic, then F is real-analytic. If / is given near by 

oo 

then F has the Taylor expansion near £ M: 

oo 
fe=0 

Example 2. Let P = (CH^Y <^ (C^j {i > }) be the polydisk embedded in is its associated 
HPJTS (C^, {,,}), endowed with the hyperbolic metric induced by (Q. Define cj — 
(O, . . . , 0, e'*J , 0, . . . , O) , 1 < j < ^. The Cj are mutually strongly orthogonal tripotents. 
Given z = (pie'^^, . . . , p^e**^) £ C*, 2: 7^ 0, then up to a permutation of the coordinates, 
we can assume Q < p\ < p2 < ■ ■ ■ < pi- Let i\, 1 < i\ < I, the first index such that pi^ 7^ 
then we can write 

2 = (cii H + Ci2-i) + (ci2 ^ + H + Pis (cis H + Ci,+i-i) 

with < < pi2 < ■ ■ ■ < Psa = P^ s-iid is+i = f + 1. The Cj's, defined by Cj = 
Cij. +■ • •+Cij^i -1, are still mutually strongly orthogonal tripotents and 2 = Ai ci-|-- ••+ As Cs 
with Aj = pij , is the spectral decomposition of 2. 

Suppose that 2 = X]j=i -^j is a regular point, then cj = e'^J , 1 < j < So the 
exponential map exp^ : = TqP — !> P can be written as 

exp^(2)= ['tanh(j2i|)||iy,...,tanh(|2f|)||^'j =^tanh(Aj)cj (5) 



and exp^ (0) = 0. Note that exp^ (2) = X^^^j tanh(Aj) Cj is the spectral decomposition 
of exp^ (2). The distance from the origin of exp^ (0) = is given by 



dhyp(0, expo (2)) 



(6) 



2.5. Polar coordinates. Let M be the set ot tripotents elements of the positive Jordan 
triple of A4. Then AI is a compact submanifold of M (with connected components of 
different dimensions). The height fc of a tripotent element c is the maximal length of a 
decomposition c — ci + ■ ■ ■ + Ck into a sum of pairwise orthogonal (minimal) tripotents. 
Minimal tripotents have height 1, maximal tripotents have height r — rkAI. Denote by 
Mk the set of tripotents of height k. If A4 is simple (that is, if Q is irreducible), the 
submanifolds Mk are the connected components of M. 
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The set T of frames (also called Fiirstenberg-Satake boundary of SI): 

T = {(ci, . . . , c.) I c, G Ml, c, -L Cfc (1 < j < fc < r)} , 

(where _L Ck means orthogonality of tripotents: r(cj, Ck) = 0) is a compact submanifold 
of . The map F : {Ai > • • • > > 0} x — s> Alrcg defined by: 

((Ai, . . . , A,) , (ci, . . . , Cr)) >-> ^ Aj (7) 

is a diffeomorphisni onto the open dense set Alrcg of regular elements of M, moreover its 
restriction 

{1 > Al > ■ ■ ■ > Ar > 0} X ^ Hrcg 

is a diffeomorphism onto the set Slrog of regular elements of f2. This map plays the same 
role as polar coordinates in rank one. 

2.6. Geodesies and geodesic distance of HSSNT. Let X be a HPJTS with its 
associated HSSNCT Q. d Jv[. For every point z £ = Tbf2, by the polydisc Theorem 
(see [8]), there exists a totally geodesic polydisc P = (C//^)"^ C of maximal rank 
r = rk(f2), trough the origin € such that z € ToP. Assume that z — X]j=i Cj is a 
regular point then by Proposition [1] and ([U, the exponential map in polar coordinates is 
given by 

r 

expo (z) = tanh (Aj ) Cj. 

i=i 

On the other hand, by Q, the distance from the origin of z is given by 



dhyp(0, z) = 



^arctanh^ (Aj). (8) 



3. Proof of Theorem [T] 

In order to prove Theorem [1] we need some properties of the symplectic duality map 
associated to an HSSNCT {Q,,ghyp)- Recall that the symplectic duality map is a diffe- 
ormophism : M ^ Q C M such that ^(0) =0 (where denotes the origin of TVf), 
'I'*cjhyp = ujo and hence ^ ~ Therefore '5 provides global symplectic coordinates 
for {Q, ghyp). In polar coordinates the the symplectic duality map is given by 



*(tl Cl+---+tr Cr) = ,^ Cl + ■ ■ ■ + -^=== 

The composition of with the distance ((H]) is written: 



dhyp (0, ^(tlUl H htrVr)) = 



arctanh 



^(sinh-ll^,|)^ (9) 



Let us denote A = {Ai > • ■ • > Ar > 0}. Let F : A x ^ Alrog the polar coordinates 
map given in ([7]). The puUback of the flat volume form ^ (see [71 (5.1.1)] and [12]) is 



F''^^QAY[\f+^ Y[ {\]~\l)^ d\^A---Ad\r (10) 
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where is a volume form on the compact manifold T . By Q and (|10|l we get 

/' c-gdhv„(po,-) ^i"yp ^ /' 



-"hyp 



■'A j = l l<j<fe<r 

Where if = /jr©- In order to calculate Ent(f2, (7hyp), by definition ((2|, we have to deter- 
mine the minimum of c such that the integral (|lf [) converge. By substituting the variables 
Aj with sinh(tj) we are reconducted to the study of the following integral: 



e 

A 



r r 

: \/S5'=i J-j- (sinhfj)^''+^ W (sinh^ t^, - sinh^ tuT H dti A ■ ■ • A dU, 



l<j<k<r i=l 

-I7'— 1 



in spherical coordinates G : 5" n A x R, G{x,p) — px we obtain 

(sinh^ {pxj) — sinh'^ (pxt)""- 



p roc > 

/ / e-''i[{sinh{px,)r^' n 



■Y\_{cosh{pXj)) p" ^ dpdvsr~i. 

where dvgr-i is the standard volume form on S^~^ . Since the function e~'' is bounded, 
by dominated convergence theorem, the convergence of the previous integral is equivalent 
to the convergence following integral 

•'° j = l l<j<fe<r j = l 

= ^°°e-"''e''''''+') ^^sgn(cr)e^'"'SJ=i'''-^'"-(^)j e" ^^"=i p""' dp, 

where a = (cti, . . . , (Tr) is a permutation of (1, ... , r) and xi > ■ ■ ■ > Xr- As for every 
e > and for sufficiently large p we have p^^^ < the previous integral is convergent if 
and only if 

r r — 1 

c> lim^(2fe + 2)^2;j +2a^(r- j)x<,(j) +£ 
j=i j=i 

for every choice of a and (xi, . . . , Xr) £ S"^^^ n A. Therefore the volume entropy is given 

Ent(n,3hyp)= max i 2 (6 + 1) ^ |x, ] + 2 a ^(r - j) [x, | I . 
Using the method of Lagrange multiphers we see that 



r r r ^ 

^ max i2(&+l)^|:c,|+2a^(r-j)!x,|l 
attained for 



J2ib + l + a{r-j)f 



& + 1 + a (r - fc) 
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and this concludes the proof of Theorem [T] 

4. PROOF OF Theorem [2] 

Let now f2 = nfc=i ^fc be a product of irreducible bounded symmetric domains and let 
{ak, bk, Tk) be the invariants associated to Q.k- As the symplectic duality map of Q, is the 
product of the symplectic duality map of each Q.k, arguing as in the proof of Theorem [T] 
we are reconducted to study of the converging of the following integral 

C ^1 1 \ 

j e-^^e^S'^=i(('''^+''^J=i"'=-^) n ( ^sgnK)e2"'=''2:;=r (-f^-^) -^,^,U) \ p-^ dp, 

where Ok = (o-fe(l), . . . , (Tfc(rfe)) is a permutation of (l,...,rfc) and Xk,i > ■•■ > Xk,rk- 
Therefore the volume entropy is given by 

Ent(n,phyp)= max <^ 2 I ( + 1) \xk.j \ + ak y^jr^ - j) \xk,j\ | 

Using the method of Lagrange multipliers we see that 

max_ + ^(r^ - j) ^fc., 1 U 



\ fc=i j=i 



. ^Ent2(nfc,gfc) 



attained for 



Sfc J — , " - - ' ^ k — 1, . . . , £, J — 1, . . . , Tfc. 

and this concludes the proof of Theorem (2] 

Remark 1. The volume entropy Ent {Q,, qb) of a irreducible HSSNCT with respect to 
the Bergman metric gs ~ y <?hyp is given by 

Ent(n,<;B) = 5^^^^^^^ 

This follows by the definition of the volume entropy ((2]) and by the fact that the distance 
with respect the Bergman metric satisfies ds (p, q) ~ y'ldhyp {p,<l)- 
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